• We present a critical examination of the applicability of the thermal wind equation to calculate the wind induced gravity moments.
Introduction
The interior structures and dynamics of the solar system giant planets remain elusive after decades of observational, experimental and theoretical studies [cf. Stevenson, 1982; Hubbard et al., 2002; Guillot, 2005; Guillot and Gautier, 2014, and reference therein] . For example, whether present-day Jupiter and Saturn have well-defined cores remains an open question; the total enrichment of heavy elements inside Jupiter and Saturn are not well constrained; the structural and dynamical consequences of the likely on-going sedimentation of helium and neon inside Jupiter and Saturn have not been fully worked out [cf. Stevenson and Salpeter, 1977; Fortney and Hubbard, 2003; Nettelmann et al., 2015] .
One lasting debate concerns the nature of the observed east-west zonal flows on the cloud layers of giant planets with amplitude on the order of 100 m/s: no consensus has been reached upon whether these zonal winds represent shallow atmospheric dynamics or deep interior dynamics [e.g. Vasavada and Showman, 2005; Liu et al., 2008; Jones and Kuzanyan, 2009; Kaspi et al., 2009; Liu and Schneider, 2010; Gastine et al., 2013] . The forward fluid dynamics and magnetohydrodynamics (MHD) problem about the nature of giant planet zonal flows may be hard to settle given the complexity of the system and the extreme parameters involved. However, an observational fact about the depth of the zonal flows of Jupiter and Saturn will likely be established given the gravity and magnetic experiments from the Juno mission [Bolton, 2010] and the upcoming Cassini Grand Finale [Spilker et al., 2014] . In this paper, we focus on the gravity field.
The physical principle of the gravitational sounding of giant planet zonal flows is not complicated: zonal flows will induce local and non-local density perturbations, as well as global shape change of the planet, all of which will contribute to perturbations to the external non-spherical gravity field. Apart from observational issues such as data coverage, the analysis of the actual gravity measurement is further complicated by the fact that the background external non-spherical gravity field caused by the background uniform rotation is not known a priori. Even if one would like to analyze the problem in real space (e.g. directly assess the gravity field g rather than the gravity moments J n ), one is still forced to analyze the truncated gravity field associated with high-degree gravity moments only (e.g. ∆g associated with J n , n ≥ 12 for Jupiter and Saturn), in order to retrieve information about the contribution of differential rotation to the gravity field. Since the gravity measurements at Jupiter and Saturn will not be sensitive to an infinite series of high-degree gravity moments due to the geometric decay, the accuracy of the individual high-degree gravity moments associated with zonal flows from a forward model is an important issue.
The thermal wind equation (TWE) under the anelastic approximation can be used to calculate the gradient of local density perturbations ∇ρ associated with zonal flows, when the zonal flows are much slower than the background rotation. The measured differential rotation on the surface of Jupiter and Saturn is small compare to the background planetary rotation. In terms of the Rossby number Ro = u/Ω 0 R p (u is the velocity measured in the corotating frame, Ω 0 is the background rotation rate, R p is the planetary radius), Ro at Jupiter is smaller than 0.01, and Ro at Saturn is smaller than 0.05. However, the applicability of TWE to further calculate the individual gravity moments for an oblate planet is not guaranteed a priori, given the non-local nature of the gravity moments. This applicability has been actively debated in the recent literature [cf. Kaspi et al., 2010; Kong et al., 2014; Zhang et al., 2015; Kaspi et al., 2016; Galanti et al., 2017] .
In this paper, we present a critical evaluation of the applicability of the thermal wind equation to calculate the zonal flow gravity moments. The gravity moments associated with deep zonal flows calculated from two versions of the thermal wind equation are compared to the full solution to the Euler equation obtained from the Bessel method [Hubbard, 1975; Wisdom, 1996; Hubbard, 1999] and the Concentric Maclaurin Spheroid (CMS) method [Hubbard, 2013] . A suite of barotropic wind profiles are evaluated. We found that wind induced gravity moments calculated from TWE are in overall agreement with the full solution to the Euler equation. However, only when the non-sphericity of the background density and effective gravity is taken into account, is the individual high-degree gravity moment calculated from the thermal wind equation a good approximation to the full solution. Our analysis thus suggests that, when analyzing the zonal flow gravity moments of Jupiter and Saturn using the thermal wind equation, the non-sphericity of the background state should be retained. 
Definition and Properties of the Gravity Moments
The axisymmetric gravity moments J n are determined by the planetary interior density distribution through
in which M is the mass of the planet, a is a reference radius usually chosen to be the measured equatorial radius of the planet, r is the spherical-radial distance to the center of mass of the planet, P n are the Legendre polynomials of degree n, θ is the co-latitude measured from the spin-axis and the integration is over the entire volume of the planet.
It should be immediately realized that 1) if the density distribution is spherically symmetric, ∂ ρ/∂θ = 0, all J n with n ≥ 1 would be zero; 2) if the density distribution is equatorially symmetric, ρ(r, θ) = ρ(r, π − θ), all odd-degree J n would be zero.
If mass, equatorial radius, rotation rate and the gravity moments are the only measurements we have about a planetary body, the interpretation of gravity moments depend on extra assumptions/knowledge and forward modeling of the density distributions inside the planet.
The extra assumptions/knowledge include the composition, temperature, and the equation of state (EOS) of the relevant material. The appropriate forward model for the density distribution inside a fluid planet, for a given EOS, is nothing but the appropriate governing equations of fluid dynamics. In the inviscid limit, this set of governing equation is the Euler equation.
Even though the dynamics being considered are usually simple (e.g. uniform rotation or differential rotation on cylinders only), the Euler equations for this particular application are not easy to solve due to the fact that we are dealing with self-gravity. The problem is non-local:
gravity at any local position depends on the density distribution over the entire planet. Mathematically, one needs to deal with integro-differetial equations in general.
From the Euler Equation to the Thermal Wind Equation

The Euler Equation
The structure and dynamics of a self-gravitating fluid body in steady-state must be in force-balance. This force-balance in the inviscid limit is described by the steady-state Euler equation. In an inertial frame, the Euler equation reads
in which u is the velocity in the inertial frame, P is the pressure, ρ is the density, and V g is the gravitational potential, the negative gradient of which is the gravitational acceleration:
Considering self-gravity only, the gravitational potential is determined by the global density distribution through
in which G is the gravitational constant, and the integration is over the entire domain of the planet.
Under the barotropic assumption (density depends on pressure only) and a velocity field that does not violate the barotropic assumption, the density distribution can be determined entirely from the Euler equation (2) given the total mass and the specific equation of state. If the fluid is baroclinic, an additional equation governing the evolution of temperature or entropy is needed to determine the density distribution.
The Euler Equation in an Inertial Frame for a Uniformly Rotating Planet
For a uniformly rotating planet, the velocity in the inertial frame reads
here Ω 0 is the constant angular velocity and s is the cylindrical radial distance from the spin axis (s = r sin θ).
It can be easily shown that
in which Q 0 is the familiar centrifugal potential
The Euler equation now reads
where U is the effective potential defined as U = V g + Q 0 .
When coupled with a specific equation of state (EOS), the solution of the above Euler equation yields the shape and internal density distribution of a uniformly rotating planet. It is appropriate to denote the properties satisfying equation (8) as the background properties with a subscript 0, so equation (8) now reads
The Euler Equation for a Planet with Differential Rotation and the Thermal Wind Equation
Now consider a planet with differential rotation, the velocity in the inertial frame reads
here Ω is the angular velocity of the differential rotation, Ω 1 is the total angular velocity measured in the inertial frame, while
is the zonal velocity measured in the non-inertial frame rotating at angular velocity Ω 0 .
If the angular velocity of the differential rotation depends only on the cylindrical radius (∂Ω /∂z = 0), it can be shown that
here Q is the generalized centrifugal potential
For an arbitrary flow, it can be shown that,
it should be recognized that −∇Q 0 and −2Ω 0ẑ × u are simply the centrifugal acceleration and the Coriolis acceleration in the rotating frame with angular velocity Ω 0 .
Substitute equation (14) and equation (9) into the Euler equation (2), and write the density and pressure as the sum of the background and the perturbation
we get
where V g is the gravitational potential associated with the density perturbations ρ
An order of magnitude analysis yields the first estimate about the relative importance of each of the terms in equation (17). 1) The ratio between the advection term associated with the zonal flows ρ 0 (u · ∇)u and the Coriolis term 2ρ 0 Ω 0ẑ × u is on the order of the Rossby number: ∼ 1% for Jupiter and ∼ 5% for Saturn.
2) The gravity anomaly associated with the density perturbation, ∇V g , is smaller than the background gravity by a factor of ρ /ρ. Zhang et al. [2015] pointed out that ρ 0 ∇V g could be comparable to ρ ∇V g 0 .
3) The gradient of the pressure perturbation ∇P is likely comparable to ρ ∇U 0 . This can be shown easily for a polytropic equation of state P = K ρ (1+1/n) . The perturbative pressure can now be expressed as a function of the density
Assuming ρ /ρ 0 1, one can Taylor expand the above equation. Retaining the first order term only, we get
Taking the gradient of P , and making use of the hydrostatic balance of the background state, we get
(Note, the second term in the RHS of (21) can be comparable to the first term 1 n ρ ∇U 0 given the likely small characteristic scale of ρ .) And 4) the ratio of each of the last three terms in equation (17) to its corresponding LHS term is | ρ /ρ 0 |. One cautionary note about the value of | ρ /ρ 0 |. As we will see, although it is true that | ρ /ρ 0 | is smaller than one in the bulk interior of the planet, this is not true for regions very near the surface.
Taking the curl of the equation (17), retaining only the first term on the left hand side (LHS) and the first two terms on the right hand side (RHS), and making use of the mass continuity equation under the anelastic approximation, we arrive at the generic thermal wind
where the background effective gravity g eff is
Note, first, that since the curl has been taken, information has been lost. Specifically, there are solutions to the curl free part of equation which can contribute to density perturbations. In addition, there will be density perturbations with non-local origin because of 1) the gravity resulting from the local density anomalies that are required by the TWE and 2) the global shape change associated with the net angular moment of the zonal flows. The nonlocal density perturbations associated with the gravity anomaly resulting from the local density perturbations required by the TWE was recognized by Zhang et al. [2015] . However, as we will show in section 6, this type of non-local density perturbation contributes very little to the high-degree gravity moments.
One further simplification to the generic thermal wind equation (22) usually adopted in estimating the zonal flow gravity field is to assume that the background effective gravity is spherically symmetric [e.g. Kaspi et al., 2010; Liu et al., 2013] . One argument for this simplification is the uniqueness of J n calculated under this assumption despite a non-uniqueness in the density perturbations calculated from the TWE. However, we will show that the mathematical uniqueness gained from this assumption is not worth the physical relevance being sacrificed. And the mathematical non-uniqueness in the density perturbations from the TWE can be treated through physically reasonable assumptions.
Gravity Moments of a Uniformly Rotating Planet with Polytrope of Index Unity
To compare the density perturbations and gravity moments associated with the deep zonal flows calculated from the thermal wind equation to the full solution of the Euler equation, we first solve the Euler equation for a uniformly rotating planet. Here, we adopt a polytropic equation of state
in which K is a constant, and the polytropic index n is set to 1. A polytrope of index unity not only is a reasonable approximation to the adiabatic equation of state under Jupiter conditions but also makes the Euler equation easier to deal with since ∇P/ρ now reduces to 2K∇ρ. The divergence of the Euler equation (9) yields
which governs the background density distribution subject to the boundary condition that the outer boundary defined by ρ 0 (r, θ) = 0 is also an equipotential surface
As shown by Hubbard [1975] , Wisdom [1996] , and Hubbard [1999] , the general solution to the above equation takes the form
where ρ P = Ω 2 0 /2πG, j n are the spherical Bessel functions of the first of kind of degree n, k = 2πG/K, and P n are the Legendre polynomials of degree n, and A n are the coefficients to be determined by the boundary conditions as well as the total mass.
The existence of the analytical form of the general solution enables a non-perturbative approach to this problem [Hubbard, 1975; Wisdom, 1996; Hubbard, 1999] . Under this circumstance, there is no need to define the level surfaces and solve for the figure equations explicitly. Here we point out a few key aspects of this non-perturbative approach which we call the Bessel method following Wisdom [1996] and Wisdom and Hubbard [2016] : 1) the coefficients A n are the only variables that need to be solved explicitly, both the outer boundary shape, which defines the solution domain, and the internal density distribution are uniquely determined by A n ; 2) the outer boundary is not constrained to be an exact ellipsoid of revolution, and the resulting outer boundary indeed differs from an exact ellipsoid of revolution; 3) the traditional geophysical expansion of the external gravitational potential U 0 is used to calculate the potential at the outer boundary, given that its convergence under Jupiter and Saturn like surface distortions has been shown by Hubbard et al. [2014] .
The Concentric Maclaurin Spheroid (CMS) method by Hubbard [2013] is a non-perturbative method capable of solving for the equilibrium internal density distribution of a rotating planet with an arbitrary equation of state. Interested readers should refer to Hubbard [2013] for the details of the method. Here we summarize a few key aspects of the CMS method: 1) the modeled planet is discretized into a finite number of concentric constant-density spheroids;
2) the shape of each constant-density spheroid is found iteratively via requiring it to be an equipotential surface; 3) the gravitational potential at each level surface is the sum of the contributions from every spheroid; 4) the density of each constant-density spheroid needs to be adjusted iteratively to match the prescribed equation of state and the fixed total mass of the planet. 
torial radius, the polar radius, and the gravity moments up to degree 20) from the Bessel method and the CMS method for a uniformly rotating planet with a polytrope of index unity.
It can be seen from Tab. 1 that the fractional differences of the gravity moments, defined as in Zharkov and Trubitsyn 1978) . We noticed that some published solutions of this problem are based on the assumption that the outer boundary shape is an exact ellipsoid of revolution [e.g. Kong et al., 2013 Kong et al., , 2015 .
Gravity Moments of a Differentially Rotating Planet with Polytrope of Index Unity
We now turn to a planet with differential rotation. The total mass, background rotation rate, and the equation of the state are taken to be the same as those in the study of a uni- 
Euler Equation Solution from the Bessel Method and the CMS Method
With differential rotation on cylinders and a polytrope of index unity, the divergence of the Euler equation (2) now reads
where Q is the generalized centrifugal potential (13).
For the Bessel method, the solution to this equation takes the same functional form as (27). The difference is that the specific solution ρ P is now a function of cylindrical radius s rather than a constant. The specific solution ρ P (s) [e.g. Hubbard, 1999] for the wind profile we are considering can be obtained via numerically integrating equation (28) with the inner boundary condition ρ P (0) = Ω 2 0 /2πG. This inner boundary condition is only valid when the coefficient of the s 2 term in the polynomial expansion of Q = 12 i=1 B 2i s 2i is set to 1/2Ω 2 0 . After obtaining ρ P (s), we can solve for the internal density distribution and gravity moments J n associated with the differential rotation using the same non-perturbative approach. For the CMS method, one only needs to replace the centrifugal potential term Q 0 in the equipotential surface equations with the generalized centrifugal potential term Q. There is no need to obtain a specific solution ρ P in the CMS method.
The left panel of Fig. 4 compares the total gravity moments J n associated with the zonal flows shown in Fig. 3 to the gravity moments associated with the background uniform rotation, while the right panel of Fig. 4 compares the wind-induced gravity moments only, defined as ∆J n = J n (Uniform Rotation + Wind) − J n (Uniform Rotation). The solution obtained from the Bessel method and the CMS method are in very good agreement and appear almost identical in the figure, thus only the solution from the Bessel method is shown here for clarity. Tables 2-4 presented the tabulated comparison between the Bessel method and the CMS method for the wind induced gravity moments. It can be seen from the tables that these two methods agree very well for all three different wind profiles: 1) the absolute differences in ∆J n are smaller than 3 × 10 −9 beyond degree 10, and 2) the fractional differences in J n are on the order of 3%, except for Jn with absolute values smaller than 3 × 10 −9 . In contrast, Kaspi et al. [2016] reported much larger discrepancies between the CMS method and the Bessel method. In Kaspi et al. [2016] , the absolute differences in high-degree J n are typically on the order of 1 × 10 −7 , and the fractional differences in high-degree J n are typically on the order of 30%. We are confident in the good agreement we obtained between the CMS method and the Bessel method, given that Wisdom and Hubbard [2016] have independently shown the very good agreement between these two methods for the uniform rotation case.
It should be emphasized here that in both the Bessel method and the CMS method, we are solving the full Euler equation to get the total gravity moments for the case with zonal flows, rather than solving for the perturbations ∆J n only. This is fundamentally different from the approach taken by Kong et al. [2014 Kong et al. [ , 2015 , in which the wind induced gravity is treated as a perturbation. One aspect of the full solution is that the outer boundary shape of the planet gets further changed when zonal winds are included.
It can be seen from the left panel of Fig. 4 that the gravity moments associated with the zonal flows shown in Fig. 3 exceed those from the background rotation by more than 100% starting around degree 10. For the low-degree gravitational moments, the wind induced contribution increases as the depth of the wind increases (see Fig. 4 & Tab. 2 -4). For the high-degree gravitational moments, however, the wind induced contributions are similar for the three different wind depth considered here (see . This feature should caution about the attempt to estimate the wind-induced perturbations to the lowdegree gravity moments based on future measurements of the high-degree gravity moments.
Thermal Wind Equation with Spherical Background Density and Gravity
We now proceed to solve for the gravity moments and density perturbations associated with the same zonal flows using the thermal wind equation. We first consider the thermal wind equation under the simplification that reduces both the background density and the background effective gravity to a spherically symmetric state. This is the simplification adopted in many published calculations of the zonal flow gravity using the thermal wind equation [e.g. Kaspi et al., 2010; Liu et al., 2013] . The thermal wind equation now reads The spherically symmetric background density and background effective gravity corresponding to a planet with the same mass and the same polytropic index unity equation of state can be obtained analytically. One motivation for adopting a spherically symmetric background state in the thermal wind equation to calculate the wind induced gravity moments is the uniqueness of J n despite the non-uniqueness of wind induced density perturbations. With spherically symmetric background state, the TWE yields the gradient of the density perturbations ∇ρ along the θ direction ∂ ρ /∂θ. To get the density perturbations ρ (r, θ) with spherically symmetric background state, one would integrate ∂ ρ /∂θ along the θ direction
here ρ c (r) is a "constant of integration" which is a function of r only. This "constant of integration" resulting from spherical thermal wind equation makes zero contribution to the gravity moments with n ≥ 1, since
The gravity moments associated with the zonal flows shown in Fig. 3 calculated from the thermal wind equation with spherically symmetric background density and spherically symmetric background gravity is compared to those calculated from the Euler equation in the wrong sign. This is consistently the case for the series of zonal wind profiles adopted in this study.
Thermal Wind Equation with Non-spherical Background Density and Effective Gravity
We now proceed to calculate the density perturbation and gravity moments associated with zonal flows using the generic thermal wind equation with non-spherical background density distribution and non-spherical background effective gravity
For a polytrope of index of unity, the background effective gravity g eff is simply
which can be easily calculated since ∇ρ 0 is entirely determined by the coefficients A n .
With non-spherical effective gravity, the TWE now yields the gradient of the density perturbations ∇ρ along the tangent of equipotential surfaces in the meridional plane instead of the gradient of the density perturbations along the θ direction. To get the density perturbations ρ (r, θ) with non-spherical effective gravity, one would need to integrate ∇ρ along the tangent of equipotential surfaces in the meridional plane
here ξ is measured along the direction perpendicular to the equal-potential surface, l and dl are the meridional arc length measured on the equal-potential surface, and ρ c (ξ) is a "constant of integration" which is a function of ξ instead of r. This "constant of integration" resulting from non-spherical thermal wind equation makes a non-zero contribution to the gravity moments. Since ∇ρ c (ξ) × g eff = 0, this "constant of integration" has zero contribution to the generic thermal wind equation. It is clear then that TWE itself cannot supply the "constant of integration". However, since ρ c (ξ) is only a function of ξ, the gravity moments associated with this "constant of integration" should be proportional to the background J n , and the pre-factor should be on the order of the ratio of the wind-induced mass anomaly to the total mass of the planet which is a very small quantity. Since the wind-induced J n are orders of magnitude larger than the background J n beyond n = 10, the correction to J n by ρ c (ξ) must be negligible beyond n = 10. Thus we set ρ c (ξ) to zero in all our non-spherical TWE calculations.
It can be seen from Fig. 5 & 6 and Tab. 5 that for n ≥ 10, ∆J n associated with zonal flows calculated from the thermal wind equation with non-spherical background state is much closer to the full solution than those calculated from the thermal wind equation with spherical background state. All ∆J n greater than 3 × 10 −9 now take the correct sign, and the amplitude difference is now within 50% for individual ∆J n .
What the Thermal Wind Equation Misses: Global Shape Change, Non-local and Irrotational Density Contributions
As discussed in section 3.3, density perturbations that contribute irrotationally to the Euler equation and that have a non-local origin must necessarily exist. Zhang et al. [2015] proposed a gravitational correction to the thermal wind equation by including the gravitational anomalies from the local density perturbation required by the TWE: the curl of the ρ 0 ∇V g term. We performed an independent calculation of the gravitational anomaly correction as proposed in Zhang et al. [2015] , and find that for the highdegree gravity moments beyond n = 12, the gravitational anomaly term can only provide corrections on the order of 1%. This is consistent with the independent analysis of Galanti et al. [2017] . A cautionary note about the wind-induced low-degree gravity moments: they are insignificant corrections to the background low-degree gravity moments (e.g 0.3% correction to J 2 and 3% to J 4 for the deepest wind profile considered here with HAWD = 0.80R J ; 0.01% correction to J 2 and 0.07% correction to J 4 for HAWD = 0.975R J ), and can be easily offset by uncertainties in the background state (such as uncertainties in our knowledege about the equation of state, thermal state, heavy element distribution, etc.)
Summary and Discussion
In this paper, we present a critical examination of the applicability of the thermal wind equation under anelastic assumption to calculate the gravity moments associated with deep zonal flows of giant planets. We first derive the thermal wind equation from the Euler equation and show that the thermal wind equation is a good approximation to the local dynamics when the Rossby number of the zonal flow measured in the co-rotation frame is much smaller than one. It is also pointed out that the thermal wind equation is a local treatment even when the background effective gravity is used, while the full problem is non-local.
We then solve the full Euler equation for a rotating self-gravitating planet with polytrope of index unity. The Bessel method [Hubbard, 1975; Wisdom, 1996; Hubbard, 1999] and the Concentric Maclaurin Spheroid method [Hubbard, 2013] are employed. We first solve for the shape, density distribution, and the gravity moments of a uniformly rotating planet. It is shown that the outer boundary shape has a significant deviation, on the second order, from an exact ellipsoid of revolution. The impact of the assumption that the outer boundary shape is an exact ellipsoid of revolution adopted in some studies of this problem [e.g. Kong et al., 2013 Kong et al., , 2015 on the solutions of gravity moments requires further investigation.
For Jupiter-like zonal flows but confined to the equatorial region and assumed to be constant on cylinders (e.g. Fig. 3 ), the associated density perturbations and gravity moments are then calculated from four different methods: the Bessel method, the CMS method, the Concerning the applicability of the thermal wind equation, we find that 1) overall, the solution from the spherical TWE is in order-of-magnitude agreement with the full solution;
2) a few individual high-degree gravity moments calculated from the spherical thermal wind equation can be wrong by 100% and can take the wrong sign; 3) the individual high-degree gravity moments calculated from the thermal wind equation with non-spherical background density and non-spherical effective gravity are a good approximation to the full solution, the difference is within 50%; 4) for low-degree gravity moments associated with zonal flows, global shape change to the planet caused by the net angular moments of the zonal flows is important. This global shape change is missed in the thermal wind equation as well as in the thermal-gravitational wind equation . However, the wind-induced lowdegree gravity moments may not be a concern since they are most likely indiscernible from uncertainties in the background state.
For baroclinic zonal winds with velocity variations along the direction of spin-axis, we don't know how to solve the full Euler equation to obtain the density perturbation, shape change, and gravity moments. For baroclinic winds, the equipotential surface and equaldensity surface are mis-aligned in general. Furthermore, the generalized centrifugal potential Q (e.g. equations 12 -13) cannot be defined for a baroclinic flow. To be more specific, A clear message from this study to the analysis of the gravity measurements from Juno and Cassini is that to calculate the wind-induced gravity moments using the thermal wind equation, taking the non-spherical nature of the background density and effective gravity into account would yield much more accurate representation of the full solution.
